A new approach to nonlinear L 2 -stability for double diffusive convection in porous media is given. An auxiliary system Σ of PDEs and two functionals V , W are introduced. Denoting by L and N the linear and nonlinear operators involved in Σ, it is shown that Σ-solutions are linearly linked to the dynamic perturbations, and that V and W depend directly on L-eigenvalues, while (along Σ) dV dt and dW dt not only depend directly on L-eigenvalues but also are independent of N . The nonlinear L 2 -stability (instability) of the rest state is reduced to the stability (instability) of the zero solution of a linear system of ODEs. Necessary and sufficient conditions for general, global L 2 -stability (i.e. absence of regions of subcritical instabilities for any Rayleigh number) are obtained, and these are extended to cover the presence of a uniform rotation about the vertical axis.
Introduction
The equations governing the motion of a binary fluid mixture bounded by the horizontal planes z = 0, z = d > 0, in the Darcy-Oberbeck-Boussinesq scheme, are [1] [2] [3] [4] ⎧ 
where
and where the following notation is used:
γ T = thermal expansion coefficient, γ C = solute expansion coefficient, ε = porosity, v = seepage velocity field, C = concentration field, p = pressure field, T = temperature field, μ = viscosity, T 0 = reference temperature, C 0 = reference concentration, k T = thermal diffusivity, k C = solute diffusivity, The subscripts m and f refer to the porous medium and the fluid, respectively.
To (1) we append the boundary conditions
with T 1 > T 2 and C 1 > C 2 . By introducing the scaling Equations (4)- (5) 
The stability of (6) has been considered by several authors (also when rotation about the vertical axis is incorporated) [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Precisely, denoting by 
the results on nonlinear energy stability [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] , as far as we know, can be summarized as follows: there exists a bounded positive number R * ∞ such that
C (i.e. existence of potential regions of subcritical instabilities),
C implies local nonlinear L 2 -stability. In the present paper, I reconsider the problem with the aim of showing that in the case at hand (I) R * = ∞ (i.e. absence of regions of subcritical instabilities ∀R > 0), (II) the nonlinear L 2 -stability is always global.
Denoting by L * 2 (Ω) the class of perturbations (u, θ, Γ ) satisfying (i)-(iii) and such that all their first derivatives and second spatial derivatives can be expanded in a Fourier series absolutely and uniformly convergent in Ω, the aim is to derive the following (main) theorem: 
with
is stable for any value of the positive parameter a 2 .
As far as we know, this is the first time that for double diffusive convection, coincidence of linear stability and global nonlinear L 2 -stability of the rest state is established ∀R. In fact, for
ε Le(εLe−1) }, the L 2 -global stability conditions implied by (8) are
and coincide with those of linear stability ∀R. Therefore-in the case at hand-the absence of regions of subcritical instabilities is established. The plan of the paper is as follows. In Section 2-dedicated to preliminaries-it is shown that u is linearly linked to (θ, Γ ). In Section 3 an auxiliary system Σ of PDEs and a quadratic functional V (different from the L 2 (Ω)-norm of (θ, Γ )) are introduced. Denoting by L and N , respectively, the linear and nonlinear operators involved in Σ, it is shown that Section 4 is devoted to the global nonlinear stability. By virtue of (c) conditions sufficient for guaranteeing global nonlinear L 2 -stability are found (Theorems 4-5). Instability is considered in Section 5. By the introduction of a functional W having the properties (b)-(c) it is shown that the conditions found in Section 4 are necessary for the stability of the rest state (Theorems 6-8). Sections 6-7 are devoted to proof of the main theorem and its generalization to a rotating layer. The paper ends with an Appendices A.1-A.3 in which-for the sake of completeness-some results, used in the paper, are discussed.
Preliminaries
By virtue of (4)-(5), the equations governing the perturbations (u, θ, Γ ) are
under the boundary conditions
π being the perturbation to the pressure field. Since the sequence {sin nπz} (n = 1, 2, . . .) is a complete orthogonal system for L 2 ([0, 1]), by virtue of the periodicity, it turns out that for L ∈ {w, θ, Γ } there exists a sequence {L n (x, y, t)} such that
Setting
in view of (10) 2 , one obtains
On the other hand (10) 1 implies ζ = 0, hence
and therefore one obtains
Then w, θ, Γ are the effective perturbation fields. These fields are not independent, however. In fact, from (10) 1 it follows that
and (10) becomes
According to (12)
and, in view of (12)- (16), one obtains
Therefore, setting
it follows that
satisfy, ∀(a 2 , n) ∈ R + × N + , the boundary conditions
(i)-(ii) and (17) 1 -(17) 2 . Then-by virtue of linearity-the general solutions of (17) 1 , (17) 2 are
with w n , u n given by (21).
Linearization principle via an auxiliary system
Let Z p =Z p sin(pπz) withZ p ∈ {θ p ,Γ p }, p ∈ N + , and let ·,· , ·,· denote, respectively, the scalar product in L 2 (Ω) and L 2 [0, 1]. The following lemmas hold.
Proof. (24) immediately follows from
Concerning (25), we observe that, by virtue of
it follows that sin(qπz) sin(nπz), cos(pπz)
and hence (25) immediately follows. 2
Proof. Lemma 2 is immediately implied by Lemma 1. 2
with w n and u n given by (19) and m, n ∈ N + . Then {S
under the boundary data (22) and u n given by (20)- (21). With (31) we associate the auxiliary system
with θ * n , Γ * n periodic in the x, y directions with Ω as cell of periodicity, under the boundary data analogous to (22) 
Remark 1. In view of Theorem 2, we can determine the stability of (6) by substituting (32)- (34) in (31) under (20)- (22).
the following linearization principle holds.
Theorem 3. The time derivative of
along the solutions of (31) is given by
Proof. By virtue of Theorem 2, we may evaluate the time derivative of V n along the solution of (32)-(34) and hence along the solution of
It turns out that {cf. Appendix A.3}
where Ψ n , the contribution of the nonlinear terms appearing in (41), is given by
By virtue of (28), it turns out that
Further, in view of ∇ · U m = 0 and the boundary data, it follows that
Then (44)- (45) imply
Remark 2. Let us observe that:
(ii) V n andV n are linked in a direct simple way to the eigenvalues of the linear operator involved in (32) and, moreover,V n does not depend on the nonlinear operator involved in (32); (iii) the time derivative of
along the solutions of (41) is given by
and is also independent of the nonlinear terms. However, the eigenvalues of the quadratic form appearing in the right-hand side of (50)-in view of b 2n = b 3n , ∀n ∈ N + -are not, in general, those determined by
Global stability Lemma 3. Setting
C ,
C < R
C .
Proof. By virtue of 
(52) 2 becomes obvious. Passing to (52) 3 , from C > C * , it turns out that
Proof. (55) implies 0 < η i < 1 (i = 1, 2). Further, by virtue of (51)- (54), it turns out that
(60) 2 easily follows. On the other hand, by virtue of 
hold. Then the nonlinear global asymptotic exponential L 2 -stability of (6) , with respect to the perturbations {S 
Proof. (64)-(65) imply (55). Then, by virtue of (40) and Lemmas 4-6 it turns out that
i.e.
and, in view of (63), one obtains
Setting 
Proof. In view of (70), letting m → ∞, (71) immediately follow. 2
Instability
Theorem 6. Suppose there exists anā 2 ∈ R + such that
Proof. In the case (73) with A 1 > 0, ∀a 2 ∈ R + , in view of (72) and (63), it turns out that
In the case (74), in view of {b 31 > 0, ∀a 2 }, we introduce the functional
(79) By straightforward calculations (cf. Appendix A.2), it follows that
and, in view of (41)-for n = 1 and a =ā-we obtain
By virtue of (74), the eigenvalues λ i are real, nonnegative numbers, hence (81) implies
On the other hand ∀a 2 , (28) implies
hence the instability follows from
Proof. In view of (52), it follows that
and hence (86) 2 implies
k being a positive constant. If
then (87) implies
Let 0 < ε 1 < 1 and consider the equation
having the positive roots
It turns out that {I 1 (ā) > 0, A 1 (ā) > 0} and the instability comes from Theorem 6. In the case
there exist two positive constants k, k 1 such that (87) and
hold. It follows that ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩
If k > k 1 , then for anyā such that
one obtains {I 1 (ā) > 0, A 1 (ā) > 0} and instability follows. If k k 1 , then for anyā such that
it follows that (74) is established. 2
C = R B + Le C, and hence (97) implies (93)- (94) 2 and (74) for anyā such that
Remark 3. In the case {I 1 = 0, A 1 > 0} it follows that {I n < 0, A n > 0}, ∀n > 1. By virtue of (66), it turns out that
(ii) all the harmonics tend to zero, except the principal one (n = 1).
Proof of the main theorem
Collecting the L 2 -stability (instability) results obtained, we have to show that they can be incapsulated in Theorem 1. By virtue of
it follows that [∀(n 2 , a 2 ) ∈ N + × R + ]
and that An(ā 2 ) 0 only if A 1 (ā 2 ) 0. Taking into account (56) 3 , Theorems 2-8 and
the proof of Theorem 1, by virtue of (a 1 = b 11 , a 2 = b 21 , a 3 = b 31 , a 4 = b 41 ), immediately follows.
Rotating layer
When the layer rotates with constant angular velocity ω * = ω * k about the vertical z axis,
under the boundary conditions (3). By using the same scalings as in Section 1, the dimensionless version of Eqs. (100) is
where T = 
under the boundary data (11) . Following the procedure of Section 2, it turns out that
under the boundary data (11) . It easily follows that the general solution of (104) 1 -(104) 2 is given by
Then-following step by step-the procedures of Sections 3-6, and setting
one finds that, on replacing R B by R * B , each result of Sections 4-6 continues to hold. In particular, the main Theorem 1 continues to hold with
and hence
In conclusion, one obtains that each harmonic (u n , θ n , Γ n ) of the perturbation field 
Therefore in view of (119) and (123) 
